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Nomenclature 
𝛼 thermal diffusivity [m2/s] 
𝛿 penetration depth [m] 
𝜀 emissivity 
𝜑 phase angle [rad] 
𝛾 psychometric constant 
𝜌 density [kg/m3] 
𝜎 Stephan-Boltzmann constant [kg/m3] 
𝜔 angular frequency [rad/time] 
∆𝑇 temperature difference [°C] 
𝐸 evaporation rate [kg/m2s] 
𝐸𝑝 evaporation potential rate [kg/m
2s] 
𝐹𝑜 Fourier number 
𝐺 ground surface heat flux [W/m2] 
𝐻 convection [W/m2] 
𝐼 solar radiation [W/m2] 
𝐾 von Karman constant 
𝐿 latent heat of vaporization [J/kg] 
 
Subscripts 
𝑎 air 
𝑑 daily 
𝑔𝑟 ground 
𝑖𝑛 inlet 
𝑚 measurement height 
𝐿𝐸 evaporation heat [W/m2] 
𝐿𝑅 long wave radiation [W/m2] 
𝑅𝑛 net radiation [W/m
2] 
𝑃 rainfall [mm/s] 
𝑆𝑅 short wave radiation [W/m2] 
𝑇 temperature [°C] 
𝑎𝑏𝑠 soil absorptivity 
𝑐𝑝 specific heat [J/kg°C] 
𝑒𝑎 actual vapour pressure [kPa] 
𝑒𝑠 saturation vapour pressure [kPa] 
𝑘 thermal conductivity [W/mK] 
𝑚 node element 
𝑝 time element 
𝑞′′ heat flux [W/ m2] 
𝑟 aerodynamic resistance 
𝑡 time [s] 
𝑢 wind speed [m/s] 
𝑧 depth [m] 
 
 
𝑜 initial 
𝑠 soil 
𝑠𝑘𝑦 surroundings 
𝑠𝑡 stored 
𝑜𝑢𝑡 outlet 
 
Abstract 
In several fields of enquiry such as geothermal energy, geology and agriculture, it is of interest to study 
the thermal behaviour of shallow soils. For this, several analytical and numerical methodologies have 
been proposed to analyse the temperature variation of the soil in the short and long term. In this 
paper, a comparative study of different models (sinusoidal, semi-infinite and finite difference method) 
is conducted to estimate the shallow soil temperature variation in the short and long term. The models 
were compared with hourly experimental measured data of soil temperature in Leicester, UK, at 
depths between 0.75 and 2.75 metres. The results show that the sinusoidal model is not appropriate 
to evaluate the short-term temperature variations, such as hourly or daily fluctuations. Likewise, this 
model is highly affected by the undisturbed ground temperature and can lead to very high errors. 
Regarding the semi-infinite model, it is accurate enough to predict the short-term temperature 
variation. However, it is useless to predict the long-term variation at depths greater than 1 meter. The 
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finite difference method (FDM) considering the air temperature as a boundary condition for the soil 
surface is the most accurate approach for estimating both short and long-term temperature variations 
while the FDM with heat flux as boundary condition is the least accurate approach due to the 
uncertainty of the assumed parameters. The ranges of errors for the sinusoidal, semi-infinite and FDM 
are found to be from 76.09 to 142.13%, 12.11 to 104.88% and 1.82 to 28.14% respectively. 
Keywords 
Soil, finite difference, heat diffusion, ground, geothermal. 
1. Introduction 
The thermal behaviour of the shallow soil has been of great interest in different research fields such 
as agriculture [1], geology [2], low enthalpy geothermal energy [3]. The last of these has been of 
particular interest in recent years due to the increasing use of geothermal heat pump systems for 
heating and cooling applications. In the case of conventional geothermal heat pump systems, the soil 
is considered to be a stable and homogeneous medium [4]. This assumption is valid at depths where 
the ground temperature is undisturbed, usually at a depth greater than 30 metres [5]. However, for 
systems that feature shallow boreholes or horizontal ground heat exchangers (sometimes called 
‘slinkies’), seasonal variations as well as changes in the soil temperature in the short term (daily or 
weekly variations) cannot be neglected. Such systems are usually installed at depths no greater than 
5 metres, where they are highly influenced by environmental conditions such as ambient temperature, 
solar radiation, rainfall and groundwater flows [6]. Therefore, models that accurately predict the 
influence of these factors, to estimate the thermal behaviour of the soil at different depths over time, 
should be considered. For this purpose, physical (analytical or numerical) or empirical models can be 
used. Physical models consider the mechanisms of heat or heat-moisture transfer between the soil 
and the environment [1] and can be adapted to different locations, soil typologies and environmental 
conditions. Empirical models are based on correlations from experimental data or time series 
modelling, are simpler to apply but not always adaptable to different soil typologies or environmental 
conditions [7]. To develop accurate time series models a large data set of input data is required [8]. 
For this reason, physics models are preferred for shallow geothermal applications as usually large 
datasets are unavailable.  
1.1. Analytical physical models 
Several studies using analytical physical models have considered the soil temperature to have a 
harmonic (sinusoidal) variation over time [9]. For instance, one of the most accepted sinusoidal 
models is that of Kusuda and Achenbach [10]. This approach is most accurate at depths where short-
term (hourly and daily) changes in the soil’s thermal behaviour can be neglected, which is generally at 
depths greater than 1 m. Likewise, the semi-infinite solid model [11] can be used to study transient 
phenomena in solids where the heat diffusion is predominantly one dimensional. This model is 
accurate to study short-term variations in the soil temperature but only at very shallow depths (no 
more than a few centimetres).  
Several studies have proposed different models to estimate the variation of soil temperature. For 
example, Charpin et al. [12] performed an analytical study using a sinusoidal harmonic model of the 
heat transfer in a concrete block exposed to the environment. In their study, the authors used the soil 
surface exposed to a heat flux that includes solar radiation and convection, as a boundary condition. 
They used the harmonic model to define the variation of ambient air temperature. The authors report 
that, for a one-day period, the concrete block shows variations in its temperature up to a depth of 20 
cm (thermal penetration depth). The model did not allow accurate predictions of the hourly 
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temperature variation but was suitable for a first estimation although the results of the model were 
not experimentally validated. Likewise, Cleall et al. [13] proposed an analytical model to estimate the 
soil temperature based on harmonic variations of global solar radiation and ambient temperature. 
The resolution of the analytical model was compared with a numerical model showing an acceptable 
match. Although obtaining the analytical solution is complex, the implementation of the final model 
is simple, and its calculation is fast. This model serves to accurately estimate the thermal behaviour of 
the soil, although short-term variations cannot be estimated given the harmonic principle of the 
model. The harmonic model correlated well (R2 = 0.96) with the experimental data at a depth of 1 m 
however the correlation was poor (R2 = 0.63) at a depth of 0.025m since short-term variations are not 
represented well by a harmonic function. In another study, Badache et al. [14] propose an analytical 
model, based on the Kusuda and Achenbach model, in which the boundary condition is a surface 
temperature value determined by an empirical model. This method reduces the complexity in 
obtaining the analytical solution. The model was validated with monthly experimental data from three 
different locations at depths between 0.1 and 4 metres. The validation shows a good correlation with 
a root mean square error (RMSE) of 2.5 K in the worst case at 1 m depth. However, a limitation of this 
model is its inability to represent the shallow soil behaviour in the short-term (hourly or daily 
variations). Due to the complexity of the actual interaction between the soil and the environment, 
analytical models only deal with the heat transfer phenomenon and neglect the moisture transport 
process. 
1.2. Numerical physical models 
Numerical models are known to be more accurate and robust for the study of different soil typologies 
and boundary conditions (BC). However, numerical methods are more complex to implement and take 
longer to solve [7].  Usually, constant surface temperature or constant heat flux [13] are applied as 
boundary conditions at the soil surface level. For either of these, it is necessary to determine the soil 
surface temperature which is normally a parameter that cannot be easily determined since 
conventional meteorological stations do not measure it [15]. To deal with this problem, in some cases, 
the soil surface temperature can be approximated as the air temperature [12]. As numerical models 
are able to represent periodic boundary conditions as well as a more realistic approach to the 
interaction between soil and environment (including heat and moisture transfer), numerical studies 
have demonstrated a greater accuracy than analytical models for the study of the thermal behaviour 
of soil. In fact, Yilmaz et al. [16] concluded in their study that analytical models are generally unrealistic 
for soil temperature prediction. They compared a harmonic model with a numerical model using the 
finite difference method (FDM) with heat flux at the surface as a boundary condition. This numerical 
model allowed the short-term fluctuations to be estimated, however the model was not validated 
with experimental data. Wullschleger et al [1] developed a computational tool that numerically 
predicts the soil temperature variation. They included heat and moisture transfer phenomena in the 
model, which required the precipitation or water irrigation in the soil as input data. The model is able 
to predict hourly temperature variations on a daily basis. However, it lacks experimental validation 
and requires a large number of input parameters. In the same way, Chalhoub et al. [17] performed a 
numerical study to estimate the soil temperature using the FDM. In order to improve accuracy, they 
considered not only the heat diffusion, convection and radiation but also evaporation. They included 
in their model an approach to calculate the water content in the soil which is variable according to the 
rainfall rate. In addition, the authors modelled the variable thermal conductivity and thermal 
capacitance as a function of the soil moisture content. The results of the numerical model were 
validated experimentally with data monitored at depths from 0.06 m to 1.5 m. The authors defined 
the efficiency of the model as the ratio of the residual variance of the model and the variance of the 
data set; and it ranges from 0.87 to 0.98. This numerical model is very accurate and can be 
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implemented in numerical simulation programs. However, as the model requires a large number of 
input parameters, its implementation is impractical when insufficient data are available.  
1.3. Empirical models 
Empirical models have been developed through correlations or more complex statistical methods, by 
using time series input parameters based on experimental data. For example, Kenan Tezcan [18] 
developed an equation to determine the ground temperature at 1 metre depth in the soil of Turkey. 
His equation was based on measurements taken at 193 meteorological stations. Nevertheless, his 
model is only valid to estimate the average annual temperature. In another empirical study, Chow et 
al. [9] conducted a non-linear multivariate regression to create an empirical model for estimating the 
soil temperature at different depths in Hong Kong. In their study, the authors emphasize that at depths 
of up to 3 metres, air temperature is the variable that most affects the thermal behaviour of the soil, 
whereas variables such as solar radiation, rainfall, relative humidity or wind speed have little or no 
influence on the soil. Finally, their empirical model was validated with experimental data from two 
different meteorological stations showing a RMSE from 0.61 °C to 1.55 °C. This empirical model 
requires only time, depth and ambient temperature as input parameters, but it is only valid for the 
soil conditions of Hong Kong. Droulia et al. [7] compared an analytical model based on daily and annual 
harmonic variations of the air temperature with two semi-empirical models in which they used 
average values of air temperature and soil surface temperature. The results show that the analytical 
model is adequate to estimate the average monthly soil thermal behaviour, but it does not represent 
the short-term variations well. On the other hand, the semi-empirical models show a greater 
correlation to the shallow soil variation in the short term. However, in both the analytical and the 
semi-empirical models, the determination of certain input parameters requires complex statistical 
resolutions. In a similar study, Hu et al. [19] developed a semi-empirical model to determine the 
shallow soil temperature. In their study, the input parameters included are air temperature, rainfall, 
vegetation cover, solar radiation, and water flux density. The results were compared with 
experimental data monitored from two different locations at three different depths (5 cm, 10 cm and 
20 cm) showing a good correlation at all depths studied (R2 between 0.82 and 0.97). However, the use 
of many variables as input parameters makes this model very complex for a practical application. Most 
of these empirical models have been developed using time series as input data in the same way as 
most forecasting models. The development of time series models requires a very large set of input 
data mainly of daily average ambient temperature [20] but some of them also require the use of a 
data set of daily average soil temperature [21], [22]. These models have been demonstrated to be 
very accurate and useful in forecasting. However, most of them are not designed to predict sub-daily 
temperature fluctuations and their application to different locations would require at least some 
snapshot measurements of the soil temperature, as stated by Dolschak et al. [21]. For these reasons, 
the authors did not try to develop empirical models during the research reported in this paper. 
There are several solutions of varying complexity for the estimation of the soil temperature from 
meteorological data. However, there has been no comprehensive comparison of the different 
methodologies available, which is important in order to evaluate the relationship between accuracy 
and complexity of any model for practical applications. In this context, the objective of the research 
reported in this paper is to compare the accuracy of some commonly used models for estimating the 
soil temperature at different depths. The results of the models are then compared with hourly 
experimental data. Section 2 describes the energy balance at the soil surface. Section 3 details the 
different models to be compared. Section 4 contrasts the theoretical models with experimental data. 
Finally, section 5 gives the main conclusions. 
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2. Energy balance in the soil surface 
The study of heat transfer in the soil can be a very complex task depending on the accuracy required, 
as well as the depth at which the soil is studied because the ground temperature becomes more stable 
with depth. This can be seen in Figure 1, which shows the variation of soil temperature at different 
depths. The data in Figure 1 were obtained through monitoring in the soil at the test site in Leicester, 
UK. The soil temperature was monitored every 15 minutes but averaged hourly as explained in Section 
5.1. It is clear that the closer to the ground surface, the more unstable the thermal behaviour of the 
soil, therefore the thermal performance of shallow soil (depth less than 1 metre) is more difficult to 
predict. For this reason, it is important to perform an energy balance at the soil surface to have a clear 
idea of the variables that affect the thermal performance of the sub-surface soil. 
 
Figure 1. Soil temperature variation with depth 
Heat diffusion in soil is a transient phenomenon that can be accurately approximated as a one-
dimensional flux. Equation 1 (the Fourier heat equation in one dimension) describes this phenomenon 
and for its resolution, the appropriate temporal and boundary conditions must be considered. 
𝜕𝑇
𝜕𝑡
= 𝛼
𝜕2𝑇
𝜕𝑧2
 (1) 
 
Typically, the soil is considered to be a semi-infinite medium and the boundary conditions are as 
follows: 
𝑇(𝑧, 0) = 𝑇𝑜 
𝑇(0, 𝑡) = 𝑇𝑠(𝑡) or 𝑞𝑜′′(0, 𝑡) = 𝐺(𝑡) 
𝑇(∞, 𝑡) = 𝑇𝑜 
where 𝑇(𝑧, 𝑡) is the temperature of the soil at any depth and time; 𝑇𝑜 is the initial soil temperature; 
𝑇𝑠(𝑡) is the soil surface temperature which is highly variable over time, 𝑞𝑜′′ is the conduction heat flux 
and 𝐺(𝑡) is the soil surface heat flux which is also variable according to the weather conditions. 
If there are no soil surface temperature measurements, the surface soil temperature can be 
approximated by the air temperature. However, a more accurate calculation involves an analysis of 
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heat transfer at the ground surface. Figure 2 shows the main heat transfer mechanisms involved in 
the ground surface and Equation 2 shows the existing energy balance.  
 
Figure 2. Energy balance in the soil surface 
𝑆𝑅 − 𝐻 − 𝐿𝑅 − 𝐿𝐸 − 𝐺 = 0 (2) 
 
The solution of this energy balance determines the boundary condition at the ground surface, to be 
applied in Equation 1. Two boundary conditions are commonly used. The first is to consider the ground 
surface temperature 𝑇𝑠 as a constant and the second is to consider the heat flux at the ground surface 
𝐺 as a constant. It is important to note that such boundary conditions are considered constant only 
during a given time step, but they are dynamically or periodically variable. For the case of hourly 
numerical modelling, as proposed in this study, boundary conditions vary periodically every hour. 
In Equation 2, 𝑆𝑅 refers to the short-wave incident radiation (Equation 3): 
𝑆𝑅 = 𝑎𝑏𝑠 ∙ 𝐼 (3) 
where 𝑎𝑏𝑠 is the soil absorptivity and 𝐼 is the incident solar radiation. 
𝐻 is the sensible heat by convection (Equation 4) [17]: 
𝐻 = 𝜌𝑎𝑐𝑎 ∙
(𝑇𝑠 − 𝑇𝑎)
𝑟𝑎
 (4) 
where 𝜌𝑎 is the air density, 𝑐𝑎 is the air specific heat, 𝑇𝑎 is the air temperature and 𝑟𝑎 is the 
aerodynamic resistance defined by Equation 5 [23]: 
𝑟𝑎 =
ln (
𝑧𝑚
𝑧𝑜
)
𝐾2𝑢
 
(5) 
where 𝑧𝑚 is the standard height of measurement of wind speed (2 metres), 𝑧𝑜 is the roughness length, 
𝐾 is the von Karman constant (0.41) and 𝑢 is the wind speed. 
𝐿𝑅 refers to the long-wave radiation exchange with the surroundings (Equation 6): 
𝐿𝑅 = 𝜀𝜎(𝑇𝑠
4 − 𝑇𝑠𝑘𝑦
4) (6) 
SOIL
z
SR LE H
G
LR
Tsky
Tamb
Ts
G: ground surface heat flux
H: convection
LE: evaporation heat
LR: long wave radiation
SR: short wave radiation
Tamb: ambient temperature
Ts: surface temperature
Tsky: surroundings temperature
Z: depth
7 
 
where 𝜀 is the soil emissivity,  𝜎 is the Stephan-Boltzmann constant (5.67e-8 W/m2K4) and 𝑇𝑠𝑘𝑦 is the 
sky temperature in K defined as  0.0552𝑇𝑎
1.5 [24]. 
𝐿𝐸 is the heat transfer by evaporation (or latent heat) defined by Equation 7: 
𝐿𝐸 = 𝐿 ∙ 𝐸 (7) 
where 𝐿 is the latent heat of evaporation of the water (2.45e6 J/kg) and 𝐸 is the evaporation rate. 
Before determining 𝐸, the evaporation rate potential 𝐸𝑝 must be determined through the Penman-
Monteith method (Equation 8) [23]. 
𝐸𝑝 =
1
𝐿
[
∆(𝑅𝑛 − 𝐺) +
𝜌𝑎𝑐𝑎(𝑒𝑠 − 𝑒𝑎)
𝑟𝑎
∆ + 𝛾
] (8) 
where 𝑅𝑛 is the net radiation flux (𝑆𝑅 − 𝐿𝑅), 𝛾 is the psychrometric constant (~0.066), 𝑒𝑠 is the 
saturation vapour pressure, 𝑒𝑎 is the actual vapour pressure and ∆ is the slope of the saturation vapour 
pressure curve. These three variables can be determined following the Penman-Monteith method as 
stated in the work of Chalhoub et al. [17]. Then, 𝐸 can be determined as a function of the rainfall 𝑃. If 
𝑃 > 𝐸𝑝 then 𝐸 = 𝐸𝑝. If 𝑃 < 𝐸𝑝, then 𝐸 must be determined as stated in Equation 9. The term 𝛽𝑑 is 
function of the soil water content. The complete soil water balance and the evaporation model can 
be found in detail in the work of Chalhoub et al. [17]. 
𝐸 = 𝑃 + 𝛽𝑑(𝐸𝑝 − 𝑃)  (9) 
 
Finally, 𝐺 is the heat transfer from the soil to the air at the ground surface. The solution of Equation 2 
is an iterative process where the results of the surface temperature during a given time step affect the 
calculation of the surface heat flux during the following time step because convection 𝐻, evaporation 
𝐿𝐸 and long-wave radiation 𝐿𝑅 all depend on the soil temperature at the ground surface. 
3. Analytical models for soil temperature calculation 
Analytical models are available to estimate the temporal variation of the soil temperature at different 
depths. The advantage of analytical models is their simple application and quick computation. In this 
part, the two most commonly used analytical models for the study of heat diffusion in the soil are 
described: the sinusoidal model and the semi-infinite solid model. 
3.1. Sinusoidal model 
An example of a sinusoidal model is that of Kusuda and Achenbach [10], [14], which can be used to 
solve Equation 1 assuming that the surface temperature of the soil has a sinusoidal variation 
throughout the year. This approximation enables quite an accurate derivation of the average 
temperature of the soil surface or an evaluation of the temperature of very deep soil (more than 2 
metres). However, this analytical model lacks precision if used to evaluate the temperature of very 
shallow soil (less than one metre deep) or to study the soil at sub-daily time steps, due to the sinusoidal 
shape of the function. This model only considers the one temperature amplitude (annual or daily) 
which is inadequate when studying sub-daily temperature fluctuations in very shallow soil. 
The boundary condition of the soil surface temperature with sinusoidal variation is shown in Equation 
10. 
𝑇𝑠(0, 𝑡) = (𝑇?̅? − ∆𝑇) ∙ cos(𝜔𝑡 − 𝜑𝑠) (10) 
 
8 
 
Considering this boundary condition, the resolution of Equation 1, which can be used to determine 
the temperature at any time and depth, is expressed in Equation 11: 
𝑇𝑠(𝑧, 𝑡) = (𝑇?̅? − ∆𝑇) ∙ 𝑒
−𝑧√
𝜔
2𝛼 ∙ cos (𝜔𝑡 − 𝜑𝑠 − (√
𝜔
2𝛼
) 𝑧) (11) 
 
where 𝑇𝑠(𝑧, 𝑡)  is the soil temperature at any depth 𝑧 and time 𝑡,  𝑇?̅? is the average annual temperature 
of the soil surface (equivalent to the undisturbed ground temperature), ∆𝑇 is the average annual 
amplitude of the surface soil temperature, 𝜔 is known as the annual angular frequency and is equal 
to 
2𝜋
𝑡
 , 𝛼 is the soil thermal diffusivity and 𝜑𝑠 is the phase angle in radians and corresponds to the time 
of the year in which the surface soil temperature is minimal [10], [14]. 
Thus, to work with the sinusoidal analytical model, prior knowledge of 𝑇?̅?, ∆𝑇, 𝛼 and 𝜑𝑠 is required. 
Normally, this model is used to determine the annual behaviour of the soil, however, the same model 
can be used to determine the daily behaviour. In this case 𝑇?̅? corresponds to the average daily surface 
soil temperature, ∆𝑇 to the daily amplitude of the surface soil temperature, 𝜔 is the daily angular 
frequency and 𝜑𝑠 is the phase angle which corresponds to the time of day when the temperature of 
the soil surface is minimal. 
Figure 3 shows the variation of the temperature for soil with thermal diffusivity of 6.95 x 10-7 m2/s; 
average temperature of 12.5 °C, amplitude of 8 °C and phase angle of 2π*31/365 rad. These input 
parameters were estimated from measured data (see Section 5.1). As can be seen in the figure, at 
lower depths the soil temperature is less variable and that at greater depths there is a phase shift 
compared to the minimum and maximum temperature at the surface. This behaviour is due to the 
heat capacity of the soil, and the sinusoidal model is able to represent this. However, at the surface 
this model does not show the sub-daily temperature oscillation, hence this model is not appropriate 
for very shallow analysis. In general this model is simple and accurate enough for the modelling of 
conventional borehole heat exchangers and most thermal simulation programs such as TRNSYS [25], 
RetScreen [26], DOE-2 [27], EnergyPlus [28], etc. use this type of model to predict soil temperature 
profiles. 
 
Figure 3. Annual soil temperature variation: sinusoidal model 
9 
 
3.2. Semi-infinite solid model 
The semi-infinite solid model [11] is an analytical solution of Equation 1 in which any solid is considered 
to be an infinite medium in all directions except one (the z-direction). This model is widely used for 
the study of thin elements like beams and metallic plates, and also for the study of the ground. 
Analytical solutions of the semi-infinite model are available for three different boundary conditions: 
constant surface temperature 𝑇𝑠 (Equation 12), surface exposed to convection and surface exposed 
to a constant heat flux 𝑞𝑜
′′ (Equation 13) [11]. The variation in the boundary conditions over time can 
be treated as a step function. 
𝑇(𝑧, 𝑡) = [erf (
𝑧
2√𝛼𝑡
) ∙ (𝑇𝑜 − 𝑇𝑠)] + 𝑇𝑠 (12) 
 
𝑇(𝑧, 𝑡) = [
2𝑞𝑜
′′(𝛼𝑡/𝜋)1/2
𝑘
∙ exp (
−z2
4𝛼𝑡
) −
𝑞𝑜
′′z
𝑘
∙ erfc (
𝑧
2√𝛼𝑡
)] + 𝑇𝑜 (13) 
 
Where erf is the error function and erfc is the complementary function of error. The analytical semi-
infinite solid model is very accurate when analysing the thermal response of a solid with a fixed 
boundary condition over a given time. However, this model is not appropriate for use with periodic 
boundary conditions since it does not accumulate the results from previous time steps. For this reason, 
several authors such as Charpin et al. [12] and Florides and Soteris [29] make use of the ‘thermal 
penetration depth’ (𝛿𝑝) which corresponds to the distance over which changes in temperature are 
evidenced if a boundary condition is applied for a time 𝑡. In other words, the longer the exposure to a 
boundary condition, the greater the penetration depth and vice versa. This means that for very 
variable ambient conditions (hourly time step), temperature changes at depths greater than a few 
centimetres cannot be seen accurately through this model. Equation 14 shows the thermal 
penetration depth for a given time (𝜔 = 2𝜋/𝑡) [30]. 
𝛿𝑝 = 4√
𝛼
𝜔
  (14) 
 
For example, for a soil with thermal diffusivity 𝛼 = 6.95 × 10−7 m2/s, the thermal penetration depth 
for different times of analysis is shown in Table 1. As can be seen, in order to determine the influence 
of a boundary condition at a depth of 1 metre, the boundary condition must be applied for 
approximately 150 hours. 
Table 1. Thermal penetration depth at different analysis time 
𝒕 (hours) 𝜹𝒑 (metres) 
0 0 
1 0.05 
15 0.3 
40 0.5 
157 1 
354 1.5 
628 2 
981 2.5 
1413 3 
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Figure 4 shows the stepwise application of the semi-infinite solid model with constant surface 
temperature for each step as the boundary condition (Equation 12). The boundary condition is 
variable each hour as a step function since the data from weather stations is normally collected on an 
hourly basis. This figure clearly shows the concept of the thermal penetration depth (Table 1) where 
for time steps of 1 hour the penetration depth is 5 cm. This means that this model is very accurate to 
evaluate the temperature variation up to a depth of 5 cm. As the depth increases the accuracy is 
reduced so that for depths greater than 0.2 metres the model is inappropriate. Note that at depths 
greater than 0.5 metres, the model output is a horizontal line. At these depths, an approximate 
solution might be to consider the average temperature over a time step greater than one hour and 
apply that average temperature as boundary condition. However, this would affect the analysis of the 
short-term temperature variation. 
 
Figure 4. Soil temperature variation: semi-infinite solid model 
4. Numerical model of the finite difference method FDM 
As previously seen, the sinusoidal model accurately represents the thermal behaviour of deep soil but 
lacks precision for very shallow and short-term analyses. On the other hand, the semi-infinite solid 
model is more accurate to represent the temperature of shallow soil (of the order of a few 
centimetres) but lacks precision for deep soil. To increase the range of accurate analysis, the soil can 
be modelled by the numerical method of finite differences (FDM). This method is widely used for the 
analysis of complex geometries, and where there are variable boundary conditions. The principle of 
the method is to numerically solve Equation 1 by dividing the analysis system into a large but finite 
number of elements or nodes. Then each element is analysed independently in space and time. This 
method allows for accumulating previous results so is robust for modelling.  
In order to discretize Equation 1, the explicit method was used [11]. This method was preferred over 
the implicit method as it is simpler to formulate and quick enough to compute. Figure 5 shows a 
schematic of the studied soil divided into 𝑛 elements of thickness ∆𝑧 along the z-direction. The 
temperature is evaluated in the centre of each node 𝑖. 
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Figure 5. Finite difference representation of the soil 
Equation 15 represents the discretization of Equation 1 by the explicit form of the FDM considering 
one-dimensional heat transfer. Each time step is represented by a number 𝑝 and ∆𝑡 is the size of the 
time step, so that 𝑡 = 𝑝∆𝑡. More information about the equation discretization and the applicability 
of the FDM can be found in many Heat Transfer textbooks such as Incropera et al. [11]. 
 
𝑇𝑖
𝑝+1 = 𝐹𝑜(𝑇𝑖+1
𝑝 + 𝑇𝑖−1
𝑝
) + (1 − 2𝐹𝑜)𝑇𝑖
𝑝
 (15) 
 
To solve this equation correctly by the explicit method, the stability criterion of Equation 15 is: 
(1 − 2𝐹𝑜) ≥ 0 or 𝐹𝑜 ≤
1
2
. 
Equation 15 is valid for any interior node that does not have internal heat generation. However, for 
the external nodes, the discretization must be done using an energy balance that considers the 
boundary conditions to which the external nodes are exposed. In this context, two different boundary 
conditions were considered: a soil with constant surface temperature (which we will call the FDM-T 
condition) and a soil with constant surface heat flux (the FDM-HF condition). These boundary 
conditions are shown in Equations 16 and 17 respectively. 
𝑇1 = 𝑇𝑠 (16) 
 
𝑇1
𝑝+1 =
𝐹𝑜∆𝑧𝐺
𝑘𝑠
+ 𝐹𝑜𝑇2
𝑝 + (1 − 𝐹𝑜)𝑇1
𝑝
 (17) 
 
Under both boundary conditions the soil was treated as a semi-infinite solid, hence no boundary 
condition was imposed for the nth node. In order to deal with the infinite boundary, a depth of 10 
meters was chosen for the numerical analysis. 
SOIL
z
G
Ts T0
T1
T2
T3
T5
T6
T7
Ti
Ti+1
Tn-1
Tn
Dz
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5. Comparison with experimental results 
This section compares the different analytical and numerical models with the experimental data from 
the soil monitored during one year as part of a project to evaluate a soil-based thermal store. The 
objective is to find the most practical and accurate model for the study of heat diffusion in very shallow 
soil. Subsequently, the chosen model will be used to study the behaviour of very shallow borehole 
heat exchangers. The soil temperature sensors for this part of the research are placed far from the 
thermal store to avoid influencing the readings of the natural soil temperature. The approach used for 
this study was based on the comparison of two analytical models (sinusoidal and semi-infinite) and a 
numerical model with two different boundary conditions (FDM-T and FDM-HF) against hourly 
experimental data. The comparison was carried out using three statistical measures: the coefficient 
of determination (R2), root mean square error (RMSE) and the normalised root mean square error 
(NRMSE) as shown in the Figure 6. 
 
Figure 6. Approach for the comparison analysis 
5.1. Experimental data 
Since 10th February 2016, temperature data have been collected from sensors in grass-covered soil in 
an urban area located about 2 metres from a university building and a row of houses in Leicester, UK 
(Figure 7). The depths of measurement are 0.75, 1.25, 1.75 and 2.75 metres. The sensors used for 
monitoring the soil are PT1000 resistance temperature detector (RTD) sensors. All sensors were 
calibrated and have an accuracy of ±0.3 °C. Figure 1 shows the data collected which were used to 
evaluate the predicted temperature variations according to the analytical and numerical models. In 
addition, Figure 8 shows the temperature profile for 3 representative dates during winter, summer 
and autumn. The figure includes the ambient temperature values (at 0 m depth). Note that at a depth 
of 2.75 metres, the soil cannot be considered undisturbed since it has temporal variation. We can see 
that a very shallow borehole heat exchanger will be highly influenced by the seasonal thermal 
variations. 
Models
Experimental 
data
Analytical 
Sinusoidal
Semi-infinite
Soil 
measurements
Hourly data
Leicester, UK
Numerical 
FDM-T
FDM-HF
Statistical 
Analysis
R2
RMSE
NRMSE
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Figure 7. Experimental soil temperature profile 
 
 
Figure 8. Experimental soil temperature profile 
5.2. Undisturbed ground temperature 
The undisturbed ground temperature is the temperature of the soil at depths where the seasonal 
variations have no influence. The values of this temperature vary according to the location and the 
most accurate way to determine this is through experimental measurements of the deep ground. In 
reality, such experimental measurements can be difficult, so the value of undisturbed temperature 
may be estimated by different methods. The simplest is to assume that the value of the annual average 
air temperature matches the undisturbed ground temperature. However, in very variable climates, 
this assumption may be erroneous [31]. Hence for greater accuracy, the average temperature of the 
soil surface may be used in place of the average air temperature. The average temperature of the soil 
surface is not easily available, as conventional weather stations do not usually monitor this parameter. 
This research uses the correlation model proposed by Badache et al. [31] which allows the undisturbed 
ground temperature to be estimated from the average ambient temperature using Equation 18: 
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𝑇𝑔𝑟 = 17.898 + 0.951𝑇𝑎 (18) 
 
where 𝑇𝑔𝑟 (K) is the undisturbed ground temperature and 𝑇𝑎 (K) is the average air temperature. This 
model has a coefficient of determination (R2) of 0.995 verified with experimental values from 
seventeen different locations around the world. 
In the case of the soil in Leicester, UK, the undisturbed ground temperature is 14.87 °C based on an 
average annual ambient temperature of 10.88 °C. 
Input data for the different analytical and numerical models are shown in Table 2. For all models, the 
soil was treated as homogenous (constant thermal conductivity and specific heat). A thermal response 
test was conducted on the site of experimental data collection giving an average thermal conductivity 
value of 1.47 W/mK. The thermal response test is the most widely accepted procedure for determining 
soil thermal properties for shallow applications. This procedure is carried out by monitoring the soil 
temperature when it is subjected to  a constant heat flux [32]. The values of specific heat capacity  
published in  British Guideline MCS MIS 3005 [33] for the soil type in this study (wet clay), were used. 
It is worth noting that the soil properties vary as a function of the soil water content. Likewise, the soil 
composition can vary as a function of depth and therefore the soil properties can also vary with the 
depth [34]. 
Table 2. Input parameters used for the simulations 
Analytical Sinusoidal Model 
Equation 11 
𝑇?̅? = 14.87 ℃ 
∆𝑇 = 8 ℃ 
𝛼𝑠 = 6.95 × 10
−7 𝑚2𝑠−2 
𝜑𝑠 =
2𝜋 ∙ 31
365
𝑟𝑎𝑑 
Analytical Semi-infinite Model 
Equation 12 
𝑇𝑜 = 𝑚𝑒𝑎𝑛 𝑎𝑖𝑟 𝑡𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒 ℃ 
𝑇𝑠 = 𝑎𝑖𝑟 𝑡𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒 ℃ 
𝛼𝑠 = 6.95𝑒
−7 𝑚2/𝑠 
Numerical FDM Surface temperature as BC 
(FDM-T) 
Equations 15 and 16 
∆𝑧 = 0.075 𝑚 
∆𝑡 = 3600 𝑠 
𝛼𝑠 = 6.95 × 10
−7 𝑚2/𝑠 
𝑘𝑠 = 1.5 𝑊/𝑚𝐾 
𝑇𝑠 = 𝑎𝑖𝑟 𝑡𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒 ℃ 
𝜌𝑠 = 1800 𝑘𝑔/𝑚
3 
𝐶𝑝𝑠 = 1200 𝐽/𝑘𝑔𝐾 
Numerical FDM Surface heat flux as BC 
(FDM-HF) 
Equations 15 and 17 
∆𝑧 = 0.075 𝑚 
∆𝑡 = 360 𝑠 
𝛼𝑠 = 6.95 × 10
−7 𝑚2/𝑠 
𝑘𝑠 = 1.5 𝑊/𝑚𝐾 
𝑇𝑠 = 𝑎𝑖𝑟 𝑡𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒 ℃ 
𝜌𝑠 = 1800 𝑘𝑔/𝑚
3 
𝐶𝑝𝑠 = 1200 𝐽/𝑘𝑔𝐾 
𝐺 = 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒𝑑 𝑏𝑦 𝑠𝑜𝑙𝑣𝑖𝑛𝑔 Equation 2. 
 
5.3. Sinusoidal analytical model 
The sinusoidal model is supposed to be an accurate model for predicting the temperature of deep soil. 
However, when compared with the experimental data, this model was found to be impractical and 
highly dependent on the value of the undisturbed ground temperature. In fact, with the calculated 
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value of the undisturbed ground temperature (14.87 °C), the model did not match the experimental 
data as seen in Figure 9. It is noted that the model overestimates the ground temperature at all the 
assessed depths. This might be due to the uncertainty on the calculated value of the undisturbed 
ground temperature. Unfortunately, this value is rarely measured by the weather stations and 
estimations must be done. It is clear to see that the current undisturbed ground temperature may be 
lower that the predicted by Badache et al. [31] model. However, when not experimental data are 
available, this value must be determined by means on the ambient air temperature and consequently 
the uncertainty of the application of this model increases. For this reason, the sinusoidal model should 
be used carefully as this it is very sensitive to small differences on the input values.  
 
Figure 9. Comparison between the sinusoidal model and experimental data 
5.4. Semi-infinite solid model 
Figure 10 shows the comparison between the experimental data and the predictions of the semi-
infinite solid model considering constant surface temperature as a boundary condition. As the depth 
of analysis increases the accuracy of the model is reduced due to the thermal penetration depth. 
Hence, the model is more accurate at shallower depths, as previously explained. To increase the 
accuracy and applicability of this model, the analysis was considered at variable time steps according 
to the depth (see Section 3.2). For instance, for 0.75 metres, Equation 14 was used to find the 
minimum analysis time, which was 89 hours. Therefore, the average value of the air temperature was 
obtained every 89 hours and that value was imposed as a boundary condition for 89 hours. For the 
analysis at depths of 1.25, 1.75 and 2.75 metres, the minimum times of analysis were 246, 482 and 
1188 hours respectively. As can be noted, for larger depths, the minimum analysis time was increased 
to very high values and consequently the correlation against experimental data is reduced. 
From the above, it is seen that this model is accurate enough to predict the temperature of very 
shallow soil (depths less than 1 m) but loses accuracy at greater depths. 
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Figure 10. Comparison between the semi-infinite solid model and the experimental data 
5.5. Finite difference method assuming constant surface temperature FDM-T 
The FDM is a numerical method that can estimate, with sufficient precision, the diffusion of heat in 
the soil. In addition, this method is desirable for modelling because of its fast resolution and ease of 
integration with other types of dynamic system models. In this context, Figure 11 shows the 
comparison of the results of the modelled vs. actual variation of the soil temperature at different 
depths. In this method, constant surface temperature was considered as a boundary condition (FDM-
T). The air temperature was approximated as the temperature of the soil surface. For ground covered 
with vegetation or grass this approach is justified. However, the energy balance at the soil surface 
must be solved to determine this temperature for other surfaces conditions. As shown in Figure 11, 
by this method the accuracy increases markedly, and the model is able to show the short-term thermal 
oscillations at shallow depths (0.75 metres). However, at depths of 1.25 and 1.75 metres the margin 
of discrepancy increases, especially in the cold months. This may occur due to the uncertainty in the 
consideration of the soil physical properties such as thermal diffusivity or the variation of the thermal 
conductivity as a function of temperature and water content, which might be more influential near 
the surface [35]. 
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Figure 11. Comparison between the FDM-T and the experimental data 
5.6. Finite difference method assuming constant surface heat flux FDM-HF 
Figure 12 shows a comparison between experimental data and the predicted soil temperature 
variation at different depths using the FDM with constant heat flux (periodically variable) as a 
boundary condition (FDM-HF). This approach is more complex than the FDM-T as a larger number of 
inputs is required (solar radiation, air temperature, rainfall, wind speed, soil porosity, relative 
humidity, etc.) but it should be more accurate for soil that is covered with vegetation. However, Figure 
12 shows that using this approach reduced accuracy compared to FDM-T. This is probably due to the 
consideration of heat transfer by evaporation and radiation, which increases uncertainty due to the 
inclusion of more input parameters. Some of these parameters such as the rainfall, solar radiation, 
wind speed and relative humidity were measured; however, others such as soil porosity, soil 
emissivity, soil absorptivity, convection coefficient and sky temperature were estimated or calculated. 
For all the depths considered the model underestimates the soil temperature variation. 
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Figure 12. Comparison between the FDM-HF and the experimental data 
5.7. Accuracy of the different models 
In order to evaluate the accuracy of the different models from a statistical point of view, the coefficient 
of determination (R2), the root mean square error (RMSE) and the normalised root mean square error 
(NRMSE) were determined (Table 3). The four models show a high R2 at depths of 0.75 and 1.25 meters 
ranging from 0.74 to 0.99. This means that the experimental values are in good agreement with the 
model predictions. The lowest R2 values corresponds to the semi-infinite model at depths of 1.55m 
(R2=0.55) and 2.75 m (R2=0.36) while the highest correspond to the FDM-T at depths of 0.75m 
(R2=0.98) and 2.75m (R2=0.99). However, it is worth noting that the coefficient of determination is not 
sufficient to show how well a model fits experimental data. For this reason, it is also important to 
determine the error between the model predictions and the experimental data. In this context, Table 
3 shows that even if a model has a high coefficient of determination, the error may still be significant. 
For instance, for the sinusoidal model at a depth of 2.75m, the coefficient of determination is 0.98; 
however, the NRMSE is 135.86%, which is high enough to make a model unacceptable. This error is 
mainly due to an overestimation of the undisturbed ground temperature, as seen in Figure 9. 
Regarding the semi-infinite model, the NRMSE at 0.75m and 1.25m are 12.11% and 25.99% 
respectively which is low enough to estimate the temperature variation of the shallow soil. 
Nevertheless, at greater depths, the error increases drastically up to 104.88% for a depth of 2.75 m. 
This confirms the previous findings that the semi-infinite model lacks accuracy for deeper soil due to 
the low thermal penetration depth. With respect to the FDM-HF, it shows the highest error of all the 
evaluated models even though the R2 is not particularly low. Indeed, the NRMSE for the FDM-HF 
ranges from 42.94% to 163.68%. This is mainly due to the large number of uncertainties in the input 
variables for this model such as soil emissivity, sky temperature, soil porosity, etc. On the other hand, 
the FDM-T model shows the best fit at the lowest depths (0.75m) of all the models (NRMSE = 9.22%). 
Hence, this model is a good approach for evaluating the short-term soil temperature behaviour and it 
can predict hourly temperature fluctuations, as shown in Figure 11. Nonetheless, the FDM-T model 
has not been tested under high vegetated soils or concrete or asphalt-covered soil. In these cases, the 
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model might not be applicable because the surface temperature will be significantly different 
compared to the air temperature. As can be noted, all the models show less accuracy for medium 
depths (1.25 m and 1.75 m). This may be due to a variation in the soil properties with depth. It is 
common to find that real soil has a different composition at different depths, causing a variation in 
the thermal properties. Likewise, it is worth considering in future research that the thermal 
conductivity and specific heat may vary over time due to the changing water content of the soil. 
Finally, it is important to note that the computational time to solve the model for one year using hourly 
time steps by the numerical explicit method is 25 seconds for the FDM-T and 45 seconds for the FDM-
HF on a 3.2 GHz 4-core processors desktop computer. Hence, the use of the explicit method has a low 
computational cost for an annual simulation and it is suitable for integration into building simulation 
software. 
Table 3. Statistical parameters of the different models 
Model Depth m R2 RMSE °C NRMSE % 
Sinusoidal  
0.75 
1.25 
1.75 
2.75 
0.97 
0.94 
0.93 
0.98 
9.76 
8.68 
8.24 
7.62 
76.09 
116.96 
142.13 
135.86 
Semi-infinite 
0.75 
1.25 
1.75 
2.75 
0.97 
0.96 
0.55 
0.36 
1.54 
2.91 
4.94 
5.01 
12.11 
25.99 
37.78 
104.88 
FDM-T 
0.75 
1.25 
1.75 
2.75 
0.98 
0.87 
0.88 
0.99 
1.18 
1.99 
1.16 
0.10 
9.22 
28.14 
20.02 
1.82 
FDM-HF 
0.75 
1.25 
1.75 
2.75 
0.96 
0.74 
0.68 
0.83 
9.88 
11.56 
7.72 
2.41 
76.95 
163.68 
133.01 
42.94 
 
6. Conclusions 
In this study, a comparison was conducted between different analytical and numerical models to 
predict the time varying soil temperature at different depths. Two analytical models and two 
numerical models were used to simulate the soil temperature and the results were compared with 
hourly experimental data from an urban location in Leicester, UK. The analytical sinusoidal model, 
despite its high coefficient of determination (more than 0.93 in average), has one of the highest errors 
due to the uncertainty on the actual value of the undisturbed ground temperature. Consequently, this 
model is not able to determine accurately the short-term temperature variations in shallow spoil (less 
than 2m). This uncertainty can be reduced easily with a modification on the input value of the 
undisturbed ground temperature. However, this parameter is commonly not measured by the 
weather stations and estimations models must be applied. The analytical semi-infinite model 
accurately determines the soil temperature variation at very shallow depths (a few centimetres) and 
it also models short-term fluctuations well. However, it lacks applicability for analysis at depths greater 
than one metre. Numerical models, despite their higher complexity, are able to show both short and 
long-term soil temperature variations. The FDM-T had the lowest error and has the benefit that in 
addition to soil properties, it only requires air temperature as an input parameter. The FDM-HF did 
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not show high accuracy, which can be attributed to the uncertainty of the large number of input 
parameters required as rainfall rate, solar radiation, sky temperature, relative humidity, etc. The FDM-
T is therefore chosen as a suitable model due to its high accuracy and relative simplicity. This model is 
able to perform fast simulations, which is desired for multi-year simulations. Additionally, unlike the 
sinusoidal model, the FDM-T does not have a high dependence on the value of the undisturbed ground 
temperature but on the ambient air temperature which reduces the uncertainty of the shallow soil 
temperature prediction. These findings are relevant for different research fields such as the study of 
shallow geothermal systems such as horizontal ground source heat pumps, mainly related to the 
short-term prediction of a geothermal system performance. The findings are also relevant for the 
study of the natural soil temperature variation which is a key topic in agriculture and climate analysis. 
As noted, the accuracy of the FDM-T can be improved by adding extra considerations such as variable 
thermal conductivity as a function of time and depth. This opens the door to future research. Likewise, 
other soils have different surface conditions such vegetation, asphalt or buildings, so future research 
is suggested to analyse the applicability of the model for other surface conditions and locations. 
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